The largest minimum weights among quaternary Hermitian linear complementary dual codes are known for dimension 2. In this paper, we give some conditions for the nonexistence of quaternary Hermitian linear complementary dual codes with large minimum weights. As an application, we completely determine the largest minimum weights for dimension 3, by using a classification of some quaternary codes. In addition, for a positive integer s, a maximal entanglement entanglementassisted quantum [[21s + 5, 3, 16s + 3; 21s + 2]] codes is constructed for the first time from a quaternary Hermitian linear complementary dual [26, 3, 19] code.
Introduction
Linear complementary dual (LCD for short) codes are linear codes that intersect with their dual trivially. LCD codes were introduced by Massey [14] and gave an optimum linear coding solution for the two user binary adder channel. Recently, much work has been done concerning LCD codes for both theoretical and practical reasons (see e.g. [1] , [5] , [6] , [8] , [11] , [12] and the references given therein). For example, if there is a quaternary Hermitian LCD [n, k, d] code, then there is a maximal entanglement entanglement-assisted quantum [[n, k, d; n − k]] code (see e.g. [11] and [12] ). From this point of view, quaternary Hermitian LCD codes play an important role in the study of maximal entanglement entanglement-assisted quantum codes.
It is a fundamental problem to determine the largest minimum weight d 4 (n, k) among all quaternary Hermitian LCD [n, k] codes for a given pair (n, k). It was shown that d 4 (n, 2) = ⌊ ⌋ − 1 if n ≡ 0, 4 (mod 5) for n ≥ 3 [10] and [12] . In this paper, we give some conditions for the nonexistence of quaternary Hermitian LCD codes with large minimum weights. We give a classification of (unrestricted) quaternary [4r, 3, 3r ] codes for r = 9, 10, 12, 13, 14, 16 and quaternary [43, 3, 32] codes. Using the above classification and the classification in [3] , we completely determine the largest minimum weight among all quaternary Hermitian LCD codes of dimension 3. In addition, for a positive integer s, a maximal entanglement entanglement-assisted quantum [[21s+5, 3, 16s+3; 21s+2]] codes is constructed for the first time from a quaternary Hermitian LCD [26, 3, 19] code. This paper is organized as follows. In Section 2, we prepare some definitions, notations and basic results used in this paper. In Section 3, we give characterizations of quaternary Hermitian LCD codes. It is shown that there is no quaternary Hermitian LCD [ . In Section 4, from the classification of quaternary codes of dimension 3 by Bouyukliev, Grassl and Varbanov [3] , we determine d 4 (n, 3) for n ≤ 35. We emphasize that there is a quaternary Hermitian LCD [26, 3, 19] code. This implies the existence of a quaternary Hermitian LCD [21s + 5, 3, 16s + 3] code for s ≥ 1 (Proposition 5.4). We also give a classification of quaternary [4r, 3, 3r ] codes for r = 9, 10, 12, 13, 14, 16 and quaternary [43, 3, 32] 
Preliminaries
In this section, we prepare some definitions, notations and basic results used in this paper.
Definitions and notations
We denote the finite field of order 4 by F 4 = {0, 1, ω, ω 2 }, where ω 2 = ω + 1. For any x ∈ F 4 , the conjugation of x is defined as x = x 2 . Throughout this paper, we use the following notations. Let 0 s and 1 s denote the zero vector and the all-one vector of length s, respectively. Let O denote the zero matrix of appropriate size. Let I k denote the identity matrix of order k and let A T denote the transpose of a matrix A. For a matrix A = (a ij ), the conjugate matrix of A is defined as A = (a ij ). For a k × n matrix A, we denote by A (s)
. A generator matrix of a quaternary [n, k] code C is a k ×n matrix such that the rows of the matrix generate C. The weight wt(x) of a vector x ∈ F n 4 is the number of non-zero components of x. A vector of C is called a codeword of C. The minimum non-zero weight of all codewords in C is called the minimum weight d(C) of C. A quaternary [n, k, d] code is a quaternary [n, k] code with minimum weight d. The weight enumerator of a quaternary [n, k] code C is the polynomial n i=0 A i y i , where A i denotes the number of codewords of weight i in C. Two quaternary [n, k] codes C and C ′ are equivalent if there is an n × n monomial matrix P over F 4 with C ′ = {xP | x ∈ C}.
For any (unrestricted) quaternary [n, k, d] code, the Griesmer bound is given by
Throughout this paper, we use the following notation:
where Z ≥0 denotes the set of nonnegative integers.
These two families of quaternary codes are collectively called linear complementary dual (LCD for short) codes. Note that quaternary Hermitian LCD codes are also called zero radical codes (see e.g. [11] and [12] ).
A quaternary code C is called Hermitian self-orthogonal if C ⊂ C ⊥ H . It is known that a quaternary code C is Hermitian self-orthogonal if and only if C is even [13, Theorem 1] . In addition, a quaternary code C is Hermitian self-orthogonal if and only if GG T = O for a generator matrix G of C.
A 2-(v, k, λ) design D is a pair of a set P of v points and a collection of k-element subsets of P (called blocks) such that every 2-element subset of P is contained in exactly λ blocks. The number of blocks that contain a given point is traditionally denoted by r, and the total number of blocks is b. Often a 2-(v, k, λ) design is simply called a 2-design. A 2-design is called symmetric if v = b. A 2-design can be represented by its incidence matrix A = (a ij ), where a ij = 1 if the j-th point is contained in the i-th block and a ij = 0 otherwise.
Quaternary Hermitian LCD codes
The following characterization gives a criteria for quaternary Hermitian LCD codes and is analogous to [14 
Proof. Suppose that d(C ⊥ H ) = 1. Then some column of a generator matrix of C is 0 
Proof. The straightforward proof is omitted. Remark 2.5. In Appendix, we give a proof of the above proposition for the sake of completeness.
Determination of
Hence, one can determine d 4 (n, 2) as follows:
3 Nonexistence of some quaternary Hermitian LCD codes
In this section, we give results on the nonexistence of some quaternary Hermitian LCD codes. An easy counting argument yields the following lemma. We give a proof for the sake of completeness. Recall that b and r denote the number of blocks of a 2-(v, k, λ) design D and the number of blocks containing a given point of D, respectively. 
for any i ∈ {1, . . . , v}.
Proof. Fix a point p of D. Define the following sets:
where A = (a ij ). Let w i denote the i-th entry of the n × 1 Z-matrix Am T . Then we have i∈X 1
This completes the proof.
According to [12] , we define the k × (
) matrices S k by inductive constructions as follows:
The matrix S k is a generator matrix of the quaternary simplex [
code. It is known that the quaternary simplex [
code is a constant weight code. More precisely, the code contains codewords of weights 0 and 4 k−1 only. Thus, for k ≥ 2, the quaternary simplex [
is even. By [13, Theorem 1], the quaternary simplex [
Let h
≥0
with i m i = n, we define a matrix:
such that C is equivalent to a code with generator matrix G k (m). We denote the code by C k (m).
and
for any i ∈ {1, . . . ,
Proof. It is well known that the supports of the codewords of weight 4 k−1 in the quaternary simplex [
. As the 2-design D in Lemma 3.1, consider the symmetric 2-(
it follows from the structure of C k (m) that each entry of the
T is at least α. The result follows from Lemma 3.1.
If we write n =
s. Suppose that there is a quaternary Hermitian LCD [
2. Thus, we may assume that C is equivalent to a code C k (m) for
≥0 . Consider the conditions given in (4). Since we have
by Lemma 3.2, we have m i = s for each i. This means that m = s1 4 k
for positive integers n, k and α. The following theorem is one of the main results in this paper.
Theorem 3.4. Suppose that k ≥ 3 and 4α − 3n ≥ 1.
(i) Suppose that 4r 4 (n, k, α) < k. Then there is no quaternary Hermitian
Proof. Suppose that there is a quaternary Hermitian LCD [n,
for each i ∈ {1, . . . ,
}. Thus, at least 4α − 3n columns of the matrix
k , then we obtain a matrix G of the following form:
by permuting columns of G k (m). Here, G 0 is a k × n 0 matrix, where
The code C ′ with generator matrix S
which is a contradiction.
(ii) Suppose that 4r 4 (n, k, α) ≥ k. Let C 0 be the quaternary code with generator matrix G 0 . Since
′ is a constant weight code, there is a codeword of weight
Therefore, there is a quaternary Hermitian LCD [4r
Quaternary codes of dimension 3
In this section, a classification of (unrestricted) quaternary codes of dimension 3 is done for some lengths by using computer calculations (see Lemma 5.5 for the motivation of our classification). All computer calculations were done by programs in Magma [2] and programs in the language C.
Classification method
A shortened code C ′ of a quaternary code C is the set of all codewords in C which are 0 in a fixed coordinate with that coordinate deleted. A shortened code ′ ] code has the following generator matrix:
where
Lengths up to 35
Here we investigate the values d 4 (n, 3) for lengths n = 4, 5, . . . , 35. Let d all 4 (n, 3) denote the largest minimum weight among all (unrestricted) quaternary [n, 3] codes (see [7] for the current information on d Table 3 ]. Based on the number given in [3, Table 3 ], we reconstructed all inequivalent quaternary [n, 3, d 
In order to display the matrices M in (6) for generator matrices I 3 M of C 4r,i (r = 9, 10, 12, 13, 14, 16) and C 43,i , we give some vectors v i of length 3 in Table 2 . Let n j (j = 1, 2, . . . , 22) be the number of the columns of M in (6), which are equal to v j . The numbers n j (j = 1, 2, . . . , 22) are listed in Tables 3 and 4 . The weight enumerators W n,i of C n,i are listed in Table 5 . Table 3 : (n 1 , n 2 , . . . , n 22 ) Code (n 1 , n 2 , . . . , n 22 ) C 36,1 (0, 1, 0, 2, 2, 2, 0, 2, 2, 2, 1, 2, 2, 2, 0, 2, 2, 2, 1, 2, 2, 2) C 36,2 (0, 1, 0, 2, 2, 2, 0, 2, 2, 2, 1, 2, 2, 2, 1, 1, 2, 2, 1, 2, 2, 2) C 40,1 (0, 0, 1, 2, 2, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 2) C 40,2 (0, 1, 1, 2, 2, 2, 1, 2, 0, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) 0, 0, 1, 3, 3, 3, 1, 3, 3, 3, 0, 1, 1, 1, 2, 3, 3, 3, 2, 3, 3, 3 The aim of this section is to establish the following theorem, which is one of the main results in this paper. 1 (0, 0, 2, 3, 3, 3, 1, 3, 3, 3, 2, 2, 2, 2, 3, 3, 3, 3, 2, 2, 2, 2)  C 52,2 (0, 0, 1, 3, 3, 3, 0, 2, 2, 2, 2, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3)  C 52,3 (0, 0, 2, 3, 3, 3, 0, 0, 1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3)  C 52,4 (0, 0, 2, 3, 3, 3, 1, 3, 3, 3, 1, 1, 1, 1, 3, 3, 3, 3, 3, 3, 3, 3)  C 52,5 (0, 1, 1, 3, 3, 3, 1, 3, 3, 3, 0, 2, 2, 2, 2, 3, 3, 3, 2, 3, 3, 3)  C 56,1 (0, 0, 2, 3, 3, 3, 2, 3, 3, 3, 1, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3)  C 56,2 (0, 0, 1, 3, 3, 3, 1, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3)  C 56,3 (0, 1, 2, 3, 3, 3, 1, 0, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3 1, 2, 3, 4, 4, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3)  C 64,9 (0, 0, 2, 4, 4, 4, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3)  C 64,10 (0, 1, 2, 3, 4, 4, 1, 2, 2, 2, 3, 4, 4, 3, 3, 4, 4, 3, 3, 3, 3, 3)  C 64,11 (0, 1, 2, 3, 4, 4, 2, 3, 3, 3, 3, 4, 4, 3, 2, 3, 3, 2, 3, 3, 3, 3 1, 2, 2, 3, 3, 3, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3)  C 64,14 (0, 1, 1, 4, 4, 4, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3 Table 6 for each n = 21s + t (s ≥ 1 if t = 0, 1, 2 and s ≥ 0 if t = 3, 4, . . . , 20). Table 6 ).
It was shown in [12, Tables 3 From Table 1 , it is known that there is no quaternary Hermitian LCD [11, 3, 8] code. This completes the proof.
The results in Proposition 4.1 are used in the following proposition. This completes the proof.
Combining Propositions 5.4, 5.6, 5.7 and 5.8 with Remark 5.2, we determine d 4 (n, 3) as described in Table 7 and we complete the proof of Theorem 5.1. ⌋ errors acting on the n channel qubits (see e.g. [11] and [12] ). An entanglement-assisted quantum [ 
It is trivial that any quaternary [n, 2] code C is equivalent to some C(a) if d(C ⊥ H ) ≥ 2. By considering all codewords, the weight enumerator of the code C(a) is written using a 1 , a 2 
The matrix G(a)G(a)
T is written using a 1 , a 2 , . . . , a 5 as follows:
1 + a 2 + a 3 + a 4 + a 5 a 3 + ωa 4 + ω 2 a 5 a 3 + ω 2 a 4 + ωa 5 1 + a 1 + a 3 + a 4 + a 5 .
Hence, the determinant of G(a)G(a)
1 + a 1 + a 2 + a 1 a 2 + a 1 a 3 + a 1 a 4 + a 1 a 5 + a 2 a 3 + a 2 a 4 + a 2 a 5 + (ω + ω 2 )(a 3 a 4 + a 3 a 5 + a 4 a 5 ). 
2 + i∈{1,2,3,4,5}\{j} a i ≥ 4n 5 (j = 3, 4, 5),
2 + i∈{1,2,3,4,5} a i = n.
From ( 
• Suppose that n = 5s. From (12), we have a i ≤ s − 1 (i = 1, 2) and a i ≤ s (i = 3, 4, 5).
Then we have n = 2 + a 1 + a 2 + a 3 + a 4 + a 5 ≤ 5s = n.
Hence, we have a 1 = a 2 = s − 1 and a 3 = a 4 = a 5 = s.
By (8), using s, the determinant of G(a)G(a) T is written as 7s 2 − 6s + (ω + ω 2 )3s 2 .
Hence, C(a) is not Hermitian LCD for every positive integer s.
• Suppose that n = 5s + 4. From (12), we have a i ≤ s (i = 1, 2) and a i ≤ s + 1 (i = 3, 4, 5).
Then we have n = 2 + a 1 + a 2 + a 3 + a 4 + a 5 ≤ 5s + 5 = n + 1.
Hence, we have |{i ∈ {1, 2} | a i ≤ s − 2}| = |{i ∈ {3, 4, 5} | a i ≤ s − 1}| = 0, |{i ∈ {1, 2} | a i = s − 1}| + |{i ∈ {3, 4, 5} | a i = s}| = 1.
This yields that there are the five possibilities for a = (a 1 , a 2 , a 3 , a 4 , a 5 ), where the results are listed in Table 8 . The determinant det of G(a)G(a)
T is also listed in Table 8 . Therefore, C i (i = 1, 2, . . . , 5) is not Hermitian LCD for every positive integer s.
This completes the proof of Proposition 2.4. 
